We study a relation between higher order comoments and dependence structure of equity portfolio in the US and UK by relying on a simple portfolio approach where equity portfolios are sorted on the higher order comoments. We nd that beta and coskewness are positively related with a copula correlation, whereas cokurtosis is negatively related with it. We also nd that beta positively associates with an asymmetric tail dependence whilst coskewness negatively associates with it. Furthermore, two extreme equity portfolios sorted on the higher order comoments are closely correlated and their dependence structure is strongly time-varying and nonlinear. Backtesting results of value-at-risk and expected shortfall demonstrate the importance of dynamic modeling of asymmetric tail dependence in the risk management of extreme events.
. Introduction
The Fama-French factor model (Fama and French, ) is a monumental turning point in the modern asset pricing literature. Recently, Christo ersen and Langlois ( ) study how an extreme dependence structure associates with the Fama-French factors and address its role in broad area of nance. They also emphasize the importance of copula modeling for the extreme dependence structure. On the other hand, there is a group of researchers supporting the importance of higher order comoments in asset pricing ( Although those are less popular than the Fama-French factors among practitioners, those have been rigorously developed from theoretical perspectives. Hence, it is academically interesting to study how the extreme dependence structure is related with the higher order comoments and address their implications in nance.
A few papers address a relation between the higher order comoments and the tail dependence of equity portfolio. They show that it has a close relationship with, not only beta, but also coskewness.
For example, Garcia and Tsafack ( ) show that a strong dependence in lower returns creates a large negative coskewness in their international bond and equity market portfolio analysis. Chabi-Yo et al.
( b) also show that a strong lower tail dependence creates a large negative coskewness. In addition they show that beta is monotonically increasing with respect to the lower tail dependence. From these studies, we are able to draw an inference that the tail dependence is a key driver to create the higher order comoments of the equity portfolio. Thus our rst research question is how the higher order comoments associate with the dependence structure of the equity portfolio. We approach our research question by relying on a simple portfolio approach. Speci cally, we sort equities into portfolios based on the size of the higher order comoment, i.e., from low beta (coskewness, cokurtosis)
to high beta (coskewness, cokurtosis), and test patterns of a copula correlation or an asymmetric dependence across the characteristic-sorted portfolios.
We nd that there are statistically signi cant patterns between the higher order comoments and the dependence structure of the equity portfolio. First, beta and coskewness are positively related with the copula correlation whilst cokurtosis is negatively related with it. Second, we nd the asymmetry that the lower tail dependence is stronger than the upper tail dependence for all portfolios.
Third, beta is positively related with the asymmetric tail dependence, whereas coskewness is negatively related with it.
Our second research question is what economic implication is contained by the relation between higher order comoments and the dependence structure of the equity portfolio. We nd its implication from risk management perspectives. We often long and short two extreme portfolios to hedge their risk. Thus the higher order comoment risk can be also hedged by buying and selling two extreme beta (coskewness, cokurtosis) portfolios, i.e. Buying Minus Selling (BMS) portfolio. However, if our inference is correct in the rst research question, the higher order comoments are unable to be key inputs for the risk management of extreme events. Rather, a key driver is the tail dependence which creates the higher order comoments. To investigate our second research question, we apply backtesting tools to alternative models: dynamic copula models, multivariate GARCH model and univariate model. The dynamic copula models fully incorporate the dependence structure of two extreme portfolios whilst the multivariate GARCH model takes into account only the second order comoment.
The univariate model considers neither the tail dependence nor the second order comoment.
The backtesting results strongly support the importance of modeling the time-varying and asymmetric dependence of the BMS portfolio. First, we nd that the dependence structure of the BMS portfolio is strong, time-varying and asymmetric for all characteristic-sorted portfolios. Second, both the multivariate GARCH model and the univariate model signi cantly underforecast value-at-risk (VaR) and expected shortfall (ES). Third, the dynamic copula models show not only robust coverage ability but also statistical accuracy for VaR and ES.
Besides two important research questions, we develop a generalized dynamic asymmetric copula.
Our proposed model takes into account two important characteristics of equity portfolios; a timevarying dependence and an asymmetric tail dependence. First, we employ a generalized hyperbolic skewed t distribution (see Demarta and McNeil, ) to capture the asymmetric dependence structure. Second, the time-varying copula correlation is implied by the generalized autoregressive score (Creal et al., ) . Hence, our proposed model can cover for the most types of the dependence structure revealed by the equity portfolios. We apply our copula to estimating the dependence structure in our analysis.
Our study makes three contributions. First, we provide comprehensive analysis on the relation between higher order comoments and the dependence structure of the equity portfolio. We nd the striking evidence that the higher order comoments are closely related with the dependence structure of the equity portfolio in the US and UK. Second, we demonstrate the importance of modeling the time-varying and asymmetric dependence of the BMS portfolio in the risk management of extreme events. The backtesting results show that the ignorance of dependence asymmetry and dynamics is costly in the risk management. Third, we propose the generalized dynamic asymmetric copula by combining the generalized hyperbolic skewed t distribution and the generalized autoregressive score.
Our proposed copula performs well in estimating the dependence structure of the BMS portfolio and forecasting both VaR and ES.
The remainder of this paper is organized as follows. In Section , we detail the way we employ for the portfolio construction and the dynamic asymmetric copula we propose. The data used in the paper and the descriptive statistics are in Section . In Section , we focus on the analysis of the relation between the higher order comoments and the dependence structure. In Section , we analyze the role of the dependence structure of the BMS portfolio in the forecasting based risk management application. In Section , we perform the robustness check to di erent estimation periods. Finally, conclusions are given in Section .
. Methodology
In this section, we detail a way we employ for the portfolio construction and models we use in this paper.
. . Portfolio Construction
A return on an asset is de ned as the rst di erence of the log price, r t = log P t − log P t−1 . We construct portfolios sorted on beta, coskewness and cokurtosis, respectively. 
All stocks are sorted on each characteristic above and divided into ve groups based on the th, th, th and th percentiles. We estimate beta, coskewness and cokurtosis each year using all the daily data within the year. Then, we annually rebalance portfolios, value weighted based on the capitalization of each stock. We denote by BETA (COSK , COKT ) the portfolio formed by stocks with the lowest beta (respectively, coskewness, cokurtosis), and BETA (COSK , COKT ) denotes the portfolio formed by stocks with the highest beta (coskewness, cokurtosis).
. . Modeling Marginal Density
We allow each portfolio return series to have time-varying conditional mean (µ i,t ) and variance (σ 2 i,t ), and we also assume that the standardized returns z i,t = (r i,t − µ i,t ) /σ i,t are identically distributed. We t an AR model to the conditional mean
and an asymmetric GARCH model, namely GJR-GARCH( , , ) (see Glosten et al., ) , to the conditional variance
where I i,t−1 = 1 if i,t−1 < 0, and I i,t−1 = 0 if i,t−1 ≥ 0.
Let z i,t be a random variable with a continuous distribution F i . For the parametric model, we assume that z i,t follows the skewed Student's t distribution of Hansen ( ):
where F skew−t,i denotes the cumulative distribution function, η i denotes the degrees of freedom, λ i the skewness parameter, and u i,t the probability integral transformation. Hence, we can easily compute the probability given the estimates of parameters;μ i,t ,σ i,t ,η i andλ i . For the nonparametric model, we use the empirical distribution function to obtain the estimate of F i :
where K λ , ν and γ denote the modi ed Bessel function of the third kind, the degree of freedom and skewed parameter vector, respectively. The density of multivariate converges to the conventional symmetric t density when γ tends to . For the parametric case, we de ne the shocks z *
skt,i (u i,t ) denotes the inverse cumulative distribution function of the univariate GHST distribution and it is not known in closed form but can be well approximated via simulation. F skew−t,i denotes the cumulative distribution function of skewed t distribution in Hansen ( ). Note that we use z * i,t not the standardized return z i,t . For the nonparametric case, we use the EDF to obtain the estimate of u i,t . A more detailed discussion can be found
The probability density function of the GHST copula de ned from above multivariate GHST den- for high-dimensional copula modeling, in this paper, only the bivariate case is considered as modeling the dependence and market risk of the BMS portfolio is our main task.
. . Generalized Autoregressive Score Model
We estimate the dynamic copula model based on the Generalized Autoregressive Score (GAS) model of Creal et al. ( ). We assume that a correlation parameter δ t is dynamic and updated as function of its own lagged value. For example, the copula correlation is a scalar for the bivariate case and can be obtained from
To make sure that it always lies in a pre-determined range, e.g. δ t ∈ (−1, 1), the GAS model utilizes a strictly increasing transformation. Following Patton ( ), the transformed correlation parameter is denoted by g t :
. Further, the updated transformed parameter g t+1 is a function of a constantω, the lagged transformed parameter g t , and the standardized score of the copula loglikelihood Q −1/2 t s t :
where
Since the GAS model is an observation driven model, we can estimate the parameters by maximum likelihood estimation
The dynamic copulas are parametrically estimated using maximum likelihood estimation. When the marginal distributions are estimated using the skewed t distribution, the resulting joint distribution is fully parametric. When the marginal distribution is estimated by the empirical distribution function, then the resulting joint distribution is semiparametric. More details can be found in the Appendix A. and A. .
. . Monotonicity Test
We test a monotonic pattern between the higher order comoments and the dependence structure of the equity portfolio using a monotonicity test proposed by Patton and Timmermann ( ). It tests whether there is a signi cantly increasing or decreasing pattern of average dependence measure such as a copula correlation or an asymmetric tail dependence when moving from the portfolio of low higher order comoment (P ) to the one with high higher order comoment (P ).
There are two types of monotonicity tests. One is "MR" test and the other is "UP (Down)" test. 
wehre ∆ is a vector of di erences in adjacent average dependences,
and ∆ i is the ith element of ∆. The Up test formulates the null hypothesis of a at pattern against the alternative hypothesis as
The Down test follows in an analogous way.
The choice of test statistics for MR, Up and Down are 
. Higher Order Comoments and Dependence Structure
In this section, we investigate a relation between the higher order comoments and the dependence structure of the equity portfolio using a simple portfolio approach. We employ two measures to describe the dependence structure. First, we measure a general dependence between the characteristicsorted equity portfolio and the market by a copula correlation. Second, we measure the magnitude of asymmetric tail dependence by di erencing lower tail dependence and upper tail dependence. We esSince we estimate higher order comoments using daily returns, we use a short estimation period ( months). However, many studies often nd that it is di cult to accurately estimate the higher order comoments de ned in equation ( ), ( ) and ( ). The estimation accuracy is de nitely associated with a sample size. For this reason we consider shorter ( months) and longer ( months) estimation periods to see how robust our results are to the sample size. In particular, our interest focuses on the relation between higher order comoments and dependence structure in section and the backtesting results in section . We investigate the robustness of our results to di erent estimation periods in section . We thank Associate Editor for pointing out this issue.
We also calculate daily reruns for the next -months, which are forward looking portfolio returns, and nd similar forecasting results. Since we are interested in how higher order comoments are related with the extreme dependence structure, we prefer portfolio returns calculated within the estimation period to forward looking returns.
We also consider monthly rebalancing of portfolios and nd results consistent with annual rebalancing. The descriptive statistics are available upon request from author.
timate them using our proposed dynamic asymmetric copula model in which the GHST copula takes into account the asymmetric nature of the dependence structure and GAS embodies the time-varying nature of the dependence structure.
. . Copula Correlation
Figure plots an average copula correlations for equity portfolios sorted on the higher order comoments. We nd the increasing patterns of average copula correlations when moving from the low beta portfolio (BETA ) to the high beta portfolio (BETA ). In particular, the UK stock market shows the monotonically increasing pattern. We also nd that the average copula correlations generally increase when moving from the low coskewness portfolio (COSK ) to the high coskewness portfolio (COSK ). In contrast, there is the decreasing pattern in the UK stock market when moving from the low cokurtosis portfolio (COKT ) to the high cokurtosis portfolio (COKT ). However, we nd no notable pattern for cokurtosis in the US stock market.
[
INSERT FIGURE ABOUT HERE]
We formally test the increasing or decreasing pattern of copula correlation in First, we nd the asymmetry that the average LTD is stronger than the average UTD for all portfolios.
Second, beta is positively related with the asymmetric tail dependence. There is the increasing pattern of the average tail di erence when moving from BETA to BETA . Hence, the more sensitive the portfolio is to market changes, the more sensitively investors tend to react to the market downturn.
This tendency might create the stronger dependence in the lower tail. Third, in contrast, coskewness is negatively related with the asymmetric tail dependence. There is the decreasing pattern when moving from COSK to COSK . Investors would prefer a positive coskewness since it represents a higher probability of extreme positive returns in the portfolio over market returns. Hence, when the portfolio returns are positively coskewed over market returns, investors tend to react less sensitively to market changes.
[INSERT FIGURE ABOUT HERE]
We also formally test the monotonic increasing or decreasing pattern of the average di erence in Table . The MR statistics are not rejected for all portfolios in both stock markets. We nd that the Up statistic is rejected for beta in the UK stock market. Thus there is the signi cant increasing pattern of the asymmetry for the beta portfolio. We also nd that the Down statistic is rejected for coskewness in the US stock market. Thus there is the signi cant decreasing pattern of the asymmetry for the coskewness portfolio. Overall, the statistical test results are consistent with the descriptive evidences.
[ INSERT TABLE ABOUT HERE] .
Risk Management Application
We nd that there are the signi cant relations between the higher order comoments and the dependence structure of the equity portfolio in section . The evidences imply that the higher order comoments would not be key inputs for the portfolio risk management of extreme events since there are unexplained information for the tail dependence by the higher order comoments. Thus we investigate its implication from the risk management perspectives in this section.
We often long and short two extreme portfolios to hedge its risk. Following this simple strategy, we buy the highest beta (coskewness, cokurtosis) portfolio and sell the lowest beta (coskewness, cokurtosis) one to construct a BMS portfolio,
where r h,t and r l,t denote returns from the highest beta (coskewness, cokurtosis) portfolio and the lowest beta (coskewness, cokurtosis) one, respectively. Note that Table de nes several BMS portfolios.
INSERT TABLE ABOUT HERE ]
As demonstrated in the section , the higher order comoments are closely related to the extreme dependence structure. Hence, we can expect that two extreme portfolios of the BMS portfolio are able to create a strong extreme dependence structure which should be taken into account in the risk modeling.
. . Diagnosis of BMS Portfolio
We rst investigate the characteristics of BMS portfolio returns. We look at not only univariate characteristics but also multivariate ones. We get a clue to the modeling of the BMS portfolio returns for VaR and ES from this diagnosis.
. . . Marginal Distribution
Before modeling the joint distribution of portfolio returns, it is necessary to select a suitable model for the marginal return distribution, because the misspeci cation of the univariate model can lead to biased copula parameter estimates. To allow for autocorrelation, heteroskedasticity and asymmetry,
we use the models introduced in Section . .
We estimate model parameters using maximum-likelihood estimation (MLE). The results of AR and GARCH estimations are presented in Table . For each portfolio return series, the variance persistence implied by the model is close to . For all the series, leverage e ect parameters γ are signi cantly positive implying that a negative return on the series increases volatility more than a positive return with the same magnitude.
The obvious skewness and high kurtosis of returns lead us to consider the skewed Student's t distribution of Hansen ( ) for modeling residuals. To evaluate the goodness-of-t for the skewed Student's t distribution, the Kolmogorov-Smirnov (KS) and Cramer-von Mises (CvM) tests are implemented and the p-values from these two tests are reported in Table . Our results suggest that the skewed Student's t distribution is suitable for modeling residuals. Thus, in general, the diagnosis provides evidences that our marginal distribution models are well-speci ed and therefore, we can reliably use the combination of AR, GARCH and skewed Student's t distribution, allied to copulas to model the dependence structure.
[ INSERT TABLE ABOUT HERE ] .
. . Time Varying Dependence
There is the considerable evidence that the conditional mean, volatility and covariance of nancial time series are time-varying. This, possibly, suggests the reasonable inference that the dependence structure may also change over time.
We now consider three tests for time-varying dependence. The rst one is a naïve test for a break in rank correlation at speci ed points in the sample, see Patton ( ). A noticeable limitation of this test is that the break point of dependence structure (e.g. a speci ed date) must be known a priori. The second test for time-varying dependence allows for a break in the rank correlation coe cient at some prior unspeci ed date, see Andrews ( ). The third test is the ARCH LM test for time-varying volatility, see Engle ( ). The critical values for the test statistic can be obtained by using a iid bootstrap algorithm, see Patton ( ). The results of the above tests for time-varying dependence are summarized in Table . Suppose that there is no priori date for the timing of break, we rst consider naïve tests for the break at three chosen points in our sample, at t*/ T ∈{ . , . , . }, which corresponds to the dates -Dec-, -Jul-, and -Jan-. Then we consider another test in Andrews ( ) for a dependence break of unknown timing. As can be seen from Table , for almost all the equity portfolios, the p-value is signi cant at the % signi cance level showing clear evidence against a constant rank correlation with a one-time break. To detect whether the dependence structures between the high and low portfolios signi cantly changed during the global Although the threshold correlation o ers some insights, it is still based on (linear) correlation and, therefore, does not take into account nonlinear information. To capture nonlinear dependence, we consider a copula-based tail dependence. Compared with (linear) correlation, the key advantage of copulas is that they are a "pure measure" of dependence, which cannot be a ected by the marginal distributions (see Nelsen, ). This nding about the asymmetric dependence between the high beta (coskewness, cokurtosis) portfolio and the low beta (coskewness, cokurtosis) portfolio is possibly associated with the fact that investors have more uncertainty about the economy, and therefore pessimism and panic spread from one place to another more quickly during market downturns. Another possible explanation is the impact of liquidity risk. Some "uncorrelated" liquid assets suddenly become illiquid during market downturns, and, therefore, even a small trading volume can lead to huge co-movements.
.
. . Choice of Copula
A bunch of copulas have been introduced in nance; as a result, we face to select a copula that accurately ts our sample. To this end, we compare several copulas often used for nancial time series: Gaussian, Student-t (ST), Skewed Student-t (SKT) (Christo ersen et al., ), Plackett, Frank, (rotated) Clayton, (rotated) Gumbel and Symmetrized Joe-Clayton (SJC).
The Gaussian copula is constructed from a multivariate normal distribution; thereby, it captures neither asymmetry nor fat tails of dependence structure. For this reason, the practice of using the Gaussian copula in modeling the dependence structure of asset returns has come under a lot of criticism in the past few years. The ST copula is popular because of its e ective modeling of fat tails but it is unable to capture the asymmetric dependence. The SKT copula has been developed by considering both asymmetry and fat tails of dependence structure.
We also consider several important Archimedean copulas. These copulas are popular because of their easy construction. The Plackett and Frank copulas are symmetric copulas which fail to take into account the presence of asymmetry in the tail dependence. Both the Clayton and Gumbel copulas are asymmetric. The Clayton copula exhibits greater dependence in the lower tail than in the upper tail while the Gumbel copula exhibits greater dependence in the upper tail than in the lower tail (Nelsen, ) . In order to generate dependence in the opposite tail from both copulas, we can use the so called rotated copula. For example, the rotated Clayton copula exhibits greater dependence in the upper tail than in the lower tail. The SJC copula can capture the asymmetric dependence in the tails by separately parametrizing the left and the right tail. It slightly modi es the Joe-Clayton copula (Joe, ) which tends to report the asymmetric dependence even if the tail dependence is perfectly symmetric.
We standardize individual portfolio returns using the AR-GJR-GARCH models in Table and t the standardized residuals of portfolios with suggested copulas. Then we compute log-likelihood (LL), Akaike information criterion (AIC) and Bayesian information criterion (BIC) from each copula estimation and report results in Table . In general, the model with the highest LL or the lowest AIC/BIC is preferred. As predicted from the previous diagnosis of BMS portfolios, the SKT copula most accurately ts the standardized portfolio returns in both markets. It records the highest LL and the lowest AIC/BIC for all portfolios. Hence, the results suggest to select the SKT copula to capture both asymmetry and fat tails of dependence structure in our sample.
. Backtesting of Value-at-Risk
The diagnosis shows that forecasting models based on a constant dependence or a symmetric dependence are inadequate, especially during the nancial crisis. Thus the time varying and asymmetric dependence structure between two extreme portfolios provides us a strong motivation to introduce a dynamic asymmetric copula model for forecasting portfolio VaR and ES de ned by
where F t−1 represents the information set available at t − 1. In our study, α is assumed to be either . or . , and we report results focusing on . which is the most widely used value for market risk management. Once the dynamic copula parameters have been estimated, Monte Carlo simulation is used to generate values of r We compare four forecasting models. First, we employ the GHST copula which takes into account the asymmetric tail dependence in the model. The time varying dependence is implied by the GAS Backtesting of ES is not a straightforward task because it fails to satisfy elicitability (see Gneiting,
). Thus we simply evaluate the ES forecast based on a loss function which enables researchers to rank the models and specify a utility function re ecting the concern of the risk manager. We de ne two loss functions:
Absolute error : = r bms,s − ES bms,s (α) 1 r bms,s < V aR bms,s (α) , ( )
for s = 1, . . . , N . In order to rank the models, we compute the mean absolute error (MAE) and the mean squared error (MSE). This evaluation is in line with the framework proposed by Lopez ( ) for the VaR evaluation. The smaller value indicates more accurate forecast.
We also consider other multivariate GARCH models such as BEKK-GARCH or CCC-GARCH. We nd that DCC-GARCH provides more stable estimation and forecasting results than others. Hence, we report forecasting results by DCC-GARCH in our paper.
In order to evaluate VaR and ES forecasts, we use a rolling window instead of the full sample period and set a window size at (one trading year) for all the data sets. All the models are recursively re-estimated throughout the out-of-sample period and the time-varying correlation coe cients of copulas are implied by the GAS model. For the UK portfolios, we estimate the VaR and ES models using business days over the period Jan.
-Dec. , and compute the one-day-ahead forecast of the percent VaR and ES for Dec. . We conduct rolling forecast by moving forward a day at a time and end with the forecast for Dec. . This generates , out-of-sample daily forecasts. Next we repeat the same process for the US portfolios. It starts with the forecast for Dec.
and ends with the forecast for Dec. . This generates , out-of-sample daily forecasts.
We evaluate the coverage ability by ECP and BPZ as follows: We calculate ECP for each portfolio and then report bias and Root Mean Square Error (RMSE). Bias is the average deviation of ECP from the nominal coverage probability ( % in our case). The smaller the bias is, the more accurate the It counts the number of failures over the previous business days.
. . . Coverage Ability
Table presents the evaluation results of the coverage ability. Panel A shows the ECPs of the VaR models. We nd that the GHST copula produces the smallest bias (-. %) with the smallest RMSE ( . %). It means that the ECPs of all portfolios are more concentrated around the nominal one than other models. The ST copula also produces the smallest bias but RMSE ( . %) is slightly larger than GHST. We thus can draw inference that the asymmetric tail dependence slightly contributes to the VaR forecast from this marginal di erence. On the other hand, DCC produces a huge bias ( . %) implying that it signi cantly underforecasts VaR. We can easily understand that this huge
The reason we use a moving window of days instead of other window length or expending window is because a moving window of days is the standard estimation period by the Basel accord. In practice the selection of an optimal sample size is a nontrivial issue. As the window size increases, estimation and forecasting precision generally improves. On the other hand it also raises uncertainty about the latent market regimes caused by a sequence of rare or extreme shocks hitting the market in which case it would be more desirable to select the shorter and homogeneous sample rather than longer and heterogeneous ones. underforecast is mostly generated by the lack of tail dependence in DCC. We also nd that FHS largely underforecast VaR. Interestingly, FHS considers neither correlation nor tail dependence but its bias ( . %) is similar with DCC. This tells us that the correlation (the second comoment) is not the key input in the extreme event forecast.
Panel B shows the BPZ of the VaR models. We nd that all models achieve Green zone using the framework of Basel committee. This result is however not surprising as the "tra c lights" backtest is not as rigorous as other statistical tests such as CC test and DQ test.
[ INSERT TABLE ABOUT HERE ]
Consequently, the evaluation results of the coverage ability clearly show the importance of modeling the time varying asymmetric dependence structure in the extreme event forecast. In particular, we are able to con rm that the modeling of linear correlation does not improve the forecasting accuracy of extreme event at all.
. . . Statistical Accuracy
We evaluate the statistical accuracy by the CC test and the DQ test as follows: We calculate both statistics for each portfolio and test them at the % signi cance level. Then we report the number of rejected portfolios. Also, The GHST copula generates the lower average MAE in general comparing with the ST copula, as it takes into account the asymmetric dependence between portfolios. As a robustness check, the MSE results reported in Paenl B also con rm this conclusion. The dynamic copula models have better performance than both DCC and FHS in almost all cases.
[ INSERT TABLE ABOUT HERE ] In sum, we nd that two extreme portfolios sorted on the higher order comoments are closely correlated each other over their whole distribution structure. Their dependence structure is timevarying and nonlinear. We perform the forecasting exercise for the extreme event and have the following implications from the backtesting results. Firstly, the dynamic modeling of the tail dependence is more e ective than the dynamic modeling of the linear correlation for the accurate forecast of the extreme event. Especially, the lack of the tail dependence in the forecast model generates the huge underforecast of the extreme event. Secondly, there is little di erence between the asymmetric dependence and the symmetric dependence in our portfolios. Both provide almost equivalent performances. Thirdly, the linear correlation does not help it to improve the extreme event forecast at all.
There is little di erence between DCC and FHS. Overall, the evaluation results strongly support the importance of modeling time-varying and asymmetric dependence in the market risk management.
Note that we also examine the forecasting performance of all the candidate models at % and . % signi cance level. The consistent results con rm our conclusion and suggest that data mining are unlikely explanations.
. Robustness
The estimation accuracy of the higher order comoments in equation ( ) -( ) is closely associated with an estimation period; thereby, the equity portfolios sorted on the higher order comoments would change as we alter the estimation period. Hence, we run a set of robustness tests to check if the results with the -month estimation period are robust to changes in the estimation period used for the estimation of higher order comoments. To this end, we construct a set of portfolios with the shorter ( -month) and longer ( -month) estimation periods and run again the same empirical exercises as in section and .
All the robustness checks are available on request from the authors.
. . Higher Order Comoments and Dependence Structure
We rst re-run the same empirical exercise as in section . Figure plots the average copula correlations of the -and -month estimation periods. As we can see the copula correlations show a very similar pattern with ones by the -month estimation period. Overall the results con rm that there are the signi cant relation between the higher order comoments and the copula correlation.
Next, we check the robustness of the relation between higher order comoment and the average di erence of LTD and UTD presented in section . Figure shows that the average di erences between LTD and UTD of -and -month have similar pattern with the one for -month.
Overall, the statistical evidences presented in section becomes stronger as we increase the estimation period and the empirical evidence on the relationship between the higher order comoment and the dependence structure are robust to the sample size.
. . Backtesting of Value-at-Risk
In this section we run some robustness checks on the backtesting results presented in section .
We rst perform the diagnosis of BMS portfolios for both the -and -month estimation periods before applying the backtesting. The diagnosis results show that, overall, the dependence structure between the highest beta (coskewness, cokurtosis) portfolio and the lowest beta (coskewness, cokurtosis) portfolio is still time-varying and asymmetric.
Table -summarize the backtesting results for the -and -month, respectively. The RMSE of GHST is smaller than the other models in Table and GHST is less rejected by the CC and DQ tests than the other models in Table . Further, GHST constantly has the smallest MAE and MSE in Table . Overall, the results presented in Table - are consistent with the ones presented in section .
In sum, the empirical evidences reported in sections . and . show that our dynamic modeling of the asymmetric tail dependence is empirically solid (i.e. it does not depend on the sample size) and more robust than other empirical models focusing on modeling the linear correlation in the risk management of extreme events.
In Table , we acknowledge some minor changes of test results under less restrictive conditions. Also, unlike the US stock market, we note an increasing pattern for beta and coksewness, and a decreasing pattern for cokurtosis in the UK stock market.
We note that there are very minor changes under less restrictive conditions in Table . We do not report the details of diagnosis results in this paper but the results are available upon request from authors.
. Conclusion
Higher order comoments occupy an important position in asset pricing with the Fama-French factors. There is strong evidence of nonlinear dependence across factors (Christo ersen and Langlois, ), which is the key input for equity portfolio selection and risk management. We therefore empirically study a relation between the higher order comoments and the dependence structure of the equity portfolio in the US and UK. We also investigate the role of dependence structure in the risk management of extreme events using equity portfolios sorted on the higher order comoments.
There are three notable ndings in this paper.
First, our analysis shows that there are clear patterns in the relation between the higher order comoments and the dependence structure of the equity portfolio. Our simple portfolio approach provides the signi cant evidences of increasing or decreasing patterns in the copula correlation and the asymmetric tail dependence. First, beta and coskewness are positively related with the copula correlation, whereas cokurtosis is negatively correlated with it. Second, beta is positively related with the asymmetric tail dependence whilst coskewness is negatively related with it.
Second, we nd that two extreme equity portfolios sorted on higher order comoments are closely correlated. In particular, the dependence structure of the BMS portfolio (high beta (coskewness, cokurtosis) minus low beta (coskewness, cokurtosis)) is strongly time-varying and nonlinear. The backtesting results show that the dependence structure is the key input for the robust risk management of extreme events. The forecasting model employing a linear correlation signi cantly underforecasts value-at-risk and expected shortfall whilst the dynamic copula models forecast them very accurately.
Third, we use the new copula model to investigate the economic and statistical importance of modeling the time-varying and asymmetric dependence between equity portfolios sorted on the higher order comoments. We combine a hyperbolic generalized skewed t distribution with the generalized autoregressive score to capture both dynamics and asymmetries. Using a forecasting based risk management exercise, we demonstrate economic and statistical gains from modeling dynamic and asymmetric dependence. Our proposed copula achieves stronger coverage ability and better statistical accuracy.
Overall, we conclude that the higher order comoments are closely related with the dependence structure of the equity portfolio. The dependence structure is time-varying and nonlinear, which is the key input for the risk management of extreme events. The forecasting based risk management exercise demonstrates the importance of modeling dynamic and asymmetric dependence using copulas.
Appendix

A. . Estimation of Parametric Copula Model
The log-likelihood of a fully parametric copula model for conditional distribution of z t takes the form:
with log-likelihood
where θ denotes the parameter vector for the full model parameters, θ i denotes the parameters for the ith marginals, θ C denotes the parameters of copula model and F t−1 denotes the information set at time t − 1. Following the two-stage maximum likelihood estimation (also known as the Inference method for marginals) of Joe and Xu ( ), we rst estimate the parameters of marginal models using maximum likelihood: ) and then using the estimations in the rst stage, we calculate F i,t and estimate the copula parameters via maximum likelihood:
A. . Estimation of Semiparametric Copula Model
In the semiparametric estimation (also known as Canonical Maximum Likelihood Estimation), the univariate marginals are estimated nonparametrically using the empirical distribution function (EDF) and the copula model is again parametrically estimated via maximum likelihood.
where z i,t are the standardized residuals of the marginal model andF i is di erent from the standard empirical CDF by the scalar 1/(n + 1) (in order to ensure that the transformed data cannot be on the boundary of the unit interval [0, 1]).
A. . Computation of Asymmetric Dependence
A primary goal of our paper is to investigate how the characteristic-sorted portfolio returns covary and whether their dependence structures are asymmetric. Consequently, we consider three di erent dependence structures: The threshold correlation; the quantile dependence; and the tail dependence.
Following Longin and Solnik ( ) and Ang and Chen ( ), the threshold correlation for probability level p is given by
where r (p) denotes the corresponding empirical percentile for asset returns r h,t and r l,t . In words,
we compute the correlation between two assets conditional on both of them being less (respectively, greater) than their pth percentile value when p ≤ 0.5 (respectively, p > 0.5). The quantile dependence provides a more precise measure of dependence structure than the threshold correlation, as it contains more detailed information. In addition, from the risk management perspective, tails are more important than the centre. Following Patton ( ), the quantile dependence can be de ned as
and nonparametrically estimated bŷ ) where C denotes the corresponding copula function. 
The coe cients can be easily calculated when the copula C has a closed form. The copula C has upper tail dependence if λ U ∈ (0, 1] and no upper tail dependence if λ U = 0. A similar conclusion holds for the lower tail dependence. If the copulas are symmetric, then λ
) state that the copula of the bivariate t distribution is asymptotically dependent in both the upper and lower tail. We use the Student's t copula to estimate the tail dependence coe cient between portfolios.
A. . Algorithm for Forecasting VaR and ES
[Step ] Determine the in sample and out-of-sample period for VaR and ES forecasting.
[Step ] We predict conditional mean and conditional volatility from the prespeci ed time series model on rolling window and do one step ahead forecasting for each margins.
[Step ] Estimate the density model to get the probabilities for each forecasted margin. We consider both parametric (univariate skewed t) and nonparametric (EDF) estimation on sliding window.
[Step ] Estimate the parameters for full parametric and semiparametric copulas using using maximum likelihood estimation.
[Step ] Using the estimated parameters in [Step ] as initial values, we estimate time-varying dependence parameters for asymmetric (GH skewed t) copulas based on the GAS framework.
[Step ] With the estimated time-varying copula parameters in hand, we can apply Monte Carlo simulation to generate N samples of shocks and then portfolio returns.
Step ] Based on the empirical α-quantile of forecasted portfolio return, it is straightforward to forecast corresponding VaR.
[Step ] Given the N simulated portfolio returns, we can also calculate α-quantile ES.
Step ] Use the realized portfolio returns to backtest VaR and ES forecasts.
A. . Backtesting VaR and ES
We rst de ne the failure of VaR as the event that a realized return r s is not covered by the predicted VaR. We identify it by the indicator function taking the value unity in the case of failure:
where V aR s (α|F s−1 ) is the VaR forecast based on the information set at s − 1, denoted by F s−1 , with a nominal coverage probability α. Henceforth, we abbreviate the notation V aR s (α|F s−1 ) to V ar s (α).
Empirical Coverage Probability (ECP) is calculated by the sample average of I s ,α = N −1 N s=1 I s which is a consistent estimator of the coverage probability. The VaR model for which ECP is closest to its nominal coverage probability is preferred. BPZ is suggested by Basel Committee on Banking and Supervision ( ). It describes the strength of the VaR model through the test of failure rate.
It records the number of failures of the percent VaR in the previous business days. One may expect, on average, . failures out of the previous VaR forecasts given the correct forecasting model. The Basel Committee rules that up to four failures are acceptable for banks and de nes the range as a "Green" zone. If the failures are ve or more, the banks fall into a "Yellow" ( -) or "Red"
( +) zone. The VaR model for which BPZ is in the "Green" zone is preferred.
Accurate VaR forecasts should satisfy the condition that the conditional expectation of the failure is the nominal coverage probability:
Christo ersen ( ) shows that it is equivalent to testing if I s |F s−1 follows an i.i.d. Bernoulli distribution with parameter α:
The CC test uses the LR statistic which follows the chi-squared distribution with two degrees-offreedom under the null hypothesis, Eq. (A. ). The DQ test is a general extension of the CC test allowing for more time-dependent information of
. The out-of-sample DQ test is given by
We use the rst four lags for our evaluation, i.e., z s = 1,Ĩ s−1 , . . . ,Ĩ s−4 , V aR s (α) .
Backtesting of ES is not a straightforward task because it fails to satisfy elicitability (see Gneiting,
). We consider a backtesting for the ES forecast given the sample of N ES forecasts. We simply evaluate the ES forecast based on a loss function which enables researchers to rank the models and specify a utility function re ecting the concern of the risk manager. We de ne two loss functions: ) where I s = 1 r s < V aR s (α) . In order to rank the models, we compute the mean absolute error (MAE) and the mean squared error (MSE):
This evaluation is in line with the framework proposed by Lopez ( ) for the VaR evaluation. This gure plots the average copula correlations for equity portfolios sorted on higher order comoments. BETA (COSK , COKT ) denotes the lowest beta (coskewness, cokurtosis) portfolio whilst BETA (COSK , COKT ) denotes the highest beta (coskewness, cokurtosis) portfolio. We estimate the correlation of GHST copula where the time-varying correlations are implied by the GAS model. We plot the average di erences for di erent window sizes used to compute higher order comoments for sorting portfolios; in particular, we use months ( This table presents average copula correlations for equity portfolios sorted on higher order comoments. We estimate the correlation of GHST copula where the time-varying correlations are implied by the GAS model. The column P denotes a portfolio with the lowest higher order comoment whilst the column P denotes one with the highest higher order comoment. Columns 'MR', 'Up' and 'Down' report p-values for tests of correlation monotonicity (Patton and Timmermann, ). '-' indicates a case that both 'Up' test and 'Down' test are rejected, i.e., inconclusive. We report test results for di erent window sizes used to compute higher order comoments for sorting portfolios; in particular, we use months as main results and & months for robustness check. This table reports parameter estimates from AR and GJR-GARCH models for conditional mean and conditional variance of portfolio returns. We estimate all parameters using the sample from January , to December , , which correspond to a sample of , observations for US market and a sample of , observations for UK market. We use * to indicate the signi cance of estimate at the % signi cance level. We also report the p-values of two goodness-of-t tests for the skewed Student's t distribution. We employ Kolmogorov-Smirnov (KS) and Cramer-von Mises (CvM) tests. We report the p-value from tests for time-varying rank correlation between the high portfolio (e.g. BETA ) and the low portfolio (e.g. BETA ). Having no a priori dates to consider for the timing of a break, we consider naive tests for breaks at three chosen points in sample period, at t * /T ∈ {0.15, 0.50, 0.85}, which corresponds to the dates -Dec-, -Jul-, -Jan-. The 'Any' column reports the results of test for dependence break of unknown timing proposed by Andrews ( ). To detect whether the dependence structures between characteristic-sorted portfolios signi cantly changed after the US and EU crisis broke out, we use -Sep-(the collapse of Lehman Brothers) and -Jan-(EU sovereign debt crisis) as two break points and the 'Crisis' panel reports the results for this test. The 'AR' panel presents the results from the ARCH LM test for time-varying volatility proposed by Engle ( ). Under the null hypothesis of a constant conditional copula, we test autocorrelation in a measure of dependence (see Patton, ). 
l=1−T k (l/p)γ l and k is a kernel function that assigns a suitable weight to each lag of order l, and p is the smoothing parameter or lag truncation order (see Hong et al. ( ) for more details). This table reports the log-likelihood (LL), Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) after estimating a copula with whole sample. We compare several copulas often used for nancial time series: Gaussian, Student-t (T), skewed Student-t (SKT), Plackett, Frank, (Rotated) Clayton, (Rotated) Gumbel and Symmetrized Joe-Clayton (SJC) copulas. We standardize individual portfolio returns using the AR-GJR-GARCH models in This table presents the mean absolute error (MAE) in Panel A and the mean squared absolute error (MSE) for each BMS portfolio and ES model. For the UK portfolios, we forecast the ES models using business days over the period Jan.
-Dec. , and compute the one-day-ahead forecast of the percent ES for Dec.
. We conduct rolling forecasting by moving forward a day at a time and end with the forecast for Dec.
. This generates , out-of-sample daily forecasts. Next we repeat the same process for the US portfolios. It starts with the forecast for Dec. and ends with the forecast for Dec.
. This generates , out-of-sample daily forecasts. The average MAE and MSE are reported at the bottom of this table. GHST, ST, DCC and FHS denote "Generalized Hyperbolic Skewed Student's t copula", "Student's t copula", "DCC-GARCH" and "Filtered Historical Simulation", respectively. We report MAE and MSE for di erent window sizes used to compute higher order comoments for sorting portfolios; in particular, we use months as main results and & months for robustness check. 
